Group algebras with minimal Lie derived length  by Spinelli, Ernesto
Journal of Algebra 320 (2008) 1908–1913
www.elsevier.com/locate/jalgebra
Group algebras with minimal Lie derived length
Ernesto Spinelli
Dipartimento di Matematica “E. De Giorgi”, Università del Salento, Via Provinciale Lecce-Arnesano,
73100-LECCE, Italy
Received 28 May 2007
Available online 20 June 2008
Communicated by Aner Shalev
Abstract
Let KG be a non-commutative Lie solvable group algebra of a group G over a field K of positive charac-
teristic p. In [A. Shalev, The derived length of Lie soluble group rings I, J. Pure Appl. Algebra 78 (1992)
291–300] Shalev proved that dlL(KG)  log2(p + 1) and posed the question of characterizing group
algebras for which this lower bound is achieved. In this note the solution to this question is given.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
Let KG be the group algebra of a group G over a field K . As usual, we regard it as a Lie
algebra under the Lie multiplication [a, b] := ab − ba for all a, b ∈ KG. We put δ(0)(KG) :=
δ[0](KG) := KG and define by induction δ[n+1](KG) := [δ[n](KG), δ[n](KG)], where this symbol
denotes the additive subgroup generated by all the Lie commutators [a, b] with a, b ∈ δ[n](KG),
and δ(n+1)(KG) as the associative ideal generated by [δ(n)(KG), δ(n)(KG)]. The group algebra
KG is called Lie solvable if there exists an integer n such that δ[n](KG) = 0; in this case, the
minimal integer m such that δ[m](KG) = 0 is said to be the Lie derived length of KG and denoted
by dlL(KG). In a similar manner we define the strong Lie derived length of KG, denoted by
dlL(KG).
Assume that G is non-abelian and K has positive characteristic p. Passi, Passman and Seh-
gal (Theorem V.3.1 of [6]) stated that the group algebra KG is Lie solvable if, and only if, the
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of [6], this is equivalent to KG being strongly Lie solvable. Instead, when the ground field has
even characteristic the condition of Lie solvability for KG occurs if, and only if, G contains a
2-abelian subgroup of index at most 2.
Very little is known about the Lie derived length of non-commutative Lie solvable group al-
gebras. The most relevant papers dealing with the subject are those by Shalev [7,8]. In particular,
in Theorem A of [7], the author proved that
⌈
log2(p + 1)
⌉
 dlL(KG),
where the left-hand side of the inequality denotes the upper integral part of log2(p + 1), and he
showed that this bound is actually the correct one. Furthermore, he posed the question of listing
Lie solvable group algebras whose Lie derived length is exactly log2(p + 1), stressing that
“their complete characterization may be a delicate task.” Successively, in [3], it was established
that the lower bound by Shalev is the best possible also for the strong Lie derived length of
a group algebra and, in [9], we gave necessary and sufficient conditions on K and G so that
dlL(KG) = log2(p + 1).
The aim of the present paper is to give a complete answer to Shalev’s problem. To this end,
we premise some terminology. If m is a positive integer, define recursively
g(0,m) := 1, g(t,m) := g(t − 1,m) · 2m+1 + 1 (t ∈N);
moreover, if k is a non-negative integer, we denote by qk,m and k,m the quotient and the remain-
der of the Euclidean division of k − 1 by m+ 1, respectively. Finally, if G is a group, G′ denotes
its commutator subgroup and, if S is a subgroup of G, we use CG(S) for its centralizer in G.
The main result we prove here is the following.
Theorem 1. Let KG be a non-commutative Lie solvable group algebra over a field K of positive
characteristic p. Let n be the positive integer such that 2n  p < 2n+1 and s, q (q odd) the
non-negative integers such that p − 1 = 2sq . The following statements are equivalent:
(a) dlL(KG) = log2(p + 1);
(b) dlL(KG) = log2(p + 1);
(c) p and G satisfy one of the following conditions:
(i) p = 2, G′ has exponent 2 and an order dividing 4 and G′ is central;
(ii) p  3 and G′ is central of order p;
(iii) 5  p < 2n+2/3, G′ is not central of order p and |G/CG(G′)| = 2m with m  s a
positive integer such that p  2n−m,m · g(qn−m,m + 1,m).
Actually, Levin and Rosenberger, in [5], characterized Lie metabelian modular group algebras
and showed that this condition is equivalent to saying that the group algebra is strongly Lie
metabelian. Thus they already completed the special cases p = 2 and 3.
The notation that we shall use is rather standard: if G is a group, ζ(G) denotes its center, Φ(G)
its Frattini subgroup and γi(G) the ith term of its lower central series. If S,T are subsets of G, the
symbol (S,T ) means the subgroup generated by all the group commutators (s, t) := s−1t−1st ,
where s belongs to S and t to T . Moreover, if m is a positive integer, Cm denotes the cyclic
group of order m. Finally, if K is a field of positive characteristic p, by Lemma I.2.21 of [6] the
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case, we use t (G) for its nilpotency index.
2. Proof of Theorem 1
The aim of this section is to prove Theorem 1. To this end we premise a lemma, which was
established in [1].
Lemma 2. Let KG be a non-commutative Lie solvable group algebra of a group G with
cyclic commutator subgroup over a field K of odd characteristic. Then dlL(KG) = dlL(KG)
log2(|G′| + 1).
If g is an element of a group G, we use the symbol g± to mean that g can appear with
exponent 1 or −1. The following results give an estimation of the Lie derived length of particular
group algebras.
Lemma 3. Let G be a nilpotent group of class 2 with elements a, b, c such that G′ =
〈(a, b), (a, c)〉 ∼= Cp × Cp and let K be a field of characteristic p > 3. Then dlL(KG) >
log2(p + 1).
Proof. An easy induction argument allows to conclude that, for every positive integer n,
a±
(
(a, b) − 1)2n−1x1, a±
(
(a, c) − 1)2n−1y1,
b±
(
(a, b) − 1)2n−1x2, c±
(
(a, c) − 1)2n−1y2,
a±b±
(
(a, b) − 1)2n−1x3, a±c±
(
(a, c) − 1)2n−1y3,
b±a±
(
(a, b) − 1)2n−1x4, c±a±
(
(a, c) − 1)2n−1y4,
where xj and yj are suitable elements of augmentation different from zero of the group algebras
K〈(a, b)〉 and K〈(a, c)〉 respectively, belong to δ[n](KG).
Let m be the integer such that 2m < p < 2m+1. Then a((a, b) − 1)2m−1x1 and
c((a, c) − 1)2m−1y2 belong to δ[m](KG) \ {0}. Thus,
[
a
(
(a, b) − 1)2m−1x1, c
(
(a, c) − 1)2m−1y2
]
= cax1y2
(
(a, b) − 1)2m−1((a, c) − 1)2m ∈ δ[m+1](KG).
Since t (G′) = 2p − 1 > 2m+1 − 1, it follows that δ[m+1](KG) 	= 0, and this concludes the
proof. 
According to Blackburn’s definition (see [2]), a group G of order pn is said to be a
CF(m,n,p) group if cl(G) = m − 1 and |γi(G) : γi+1(G)| = p, for each 2 i m − 1.
Lemma 4. Let G be a CF(4, n,p) group with elementary abelian commutator subgroup and
let K be a field of characteristic p > 3. Then dlL(KG) > log2(p + 1).
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and s3 := (s2, s). Moreover (s1, s2) = 1. A standard induction argument shows that, for every
positive integer n,
s±(s2 − 1)2n−1x1 + (s3 − 1)α1, s1±(s2 − 1)2n−1x2 + (s3 − 1)α2,
s±s1±(s2 − 1)2n−1x3 + (s3 − 1)α3, s1±s±(s2 − 1)2n−1x4 + (s3 − 1)α4,
where xi are suitable elements of augmentation different from zero of the group algebra K〈s2〉
possibly multiplied by a power of s3 and αi are suitable elements of KG, and
s±(s3 − 1)2n−1y1, s2±(s3 − 1)2n−1y2,
s±s2±(s3 − 1)2n−1y3, s2±s±(s3 − 1)2n−1y4,
where yj are suitable elements of K〈s3〉 of augmentation different from zero, belong to δ[n](KG).
Let m be the integer such that 2m < p < 2m+1. Then z := s1(s2 − 1)2m−1x2 + (s3 − 1)α2 and
w := s(s3 − 1)2m−1y1 are in δ[m](KG) \ {0}. Hence, using the same argument of the proof of
Lemma 3, we conclude that the Lie commutator
[z,w] ≡ [s1(s2 − 1)2m−1x2, s
]
(s3 − 1)2m−1y1
(
mod (s3 − 1)2mKG
)
≡ [s1, s](s2 − 1)2m−1(s3 − 1)2m−1x2y1
(
mod (s3 − 1)2mKG
)
≡ ss1(s2 − 1)2m(s3 − 1)2m−1x2y1
(
mod (s3 − 1)2mKG
)
is a non-zero element of δ[m+1](KG), and the statement follows. 
We are in position to establish the main result. Its proof is based on ideas of [4].
Proof of Theorem 1. According to Lemma 2, Theorem 6 of [5] and Theorem 1 of [9], it is
sufficient to prove that, for p  5, if dlL(KG) = log2(p + 1), then |G′| = p.
Let G be a counterexample to the above statement. Again by Lemma 2, G′ cannot be cyclic.
This implies, by Burnside’s Theorem, that G′/Φ(G′) is not cyclic. Thus G/Φ(G′) is also a
counterexample. We may therefore replace G by G/Φ(G′) and assume that G′ is elementary
abelian of order pn.
Let C := CG(G′). The action of G on G′ by conjugation embeds G/C into the automorphism
group of G′, hence G/C is finite. Suppose that G/C contains an element αC of prime order
q 	= p. By Maschke’s Theorem, 〈αC〉 acts completely reducibly by conjugation on G′. We write
G′ = M1 × · · · × Mr with irreducible 〈αC〉-modules M1, . . . ,Mr . Since 〈αC〉 acts non-trivially
on G′, at least one of the Mi ’s is a non-trivial 〈αC〉-module. Say i = 1 and set H := 〈α,G′〉/M2×
· · · × Mr . If we denote the images of α and M1 in H by α¯ and M¯1, respectively, then H =
〈α¯, M¯1〉 = 〈α¯〉M¯1, where α¯ induces an automorphism of order q on M¯1. As M¯1 is a non-trivial
irreducible 〈α¯〉-module, M¯1 = (M¯1, 〈α¯〉) ⊆ H ′. In particular, H is also a counterexample. Thus
we may replace G by H and assume that G = G′〈α〉. Since αq centralizes both G′ and 〈α〉,
αq ∈ ζ(G). Hence 〈αq〉∩G′ is an 〈αC〉-submodule of G′ on which 〈αC〉 acts trivially. Therefore
〈αq〉 ∩G′ = 〈1〉. But G/〈αq〉 is also a counterexample. Hence we may replace G by G/〈αq〉 and
assume that G is the semidirect product of G′ and 〈α〉, where α has order q . At this stage,
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we conclude that G/C is an abelian finite p-group.
As G′ is finite, G is an FC group. Let A be a maximal torsion free central subgroup of G
and T the set of its torsion elements. By Cernikov’s Theorem (Theorem 1.7 of [10]), there is an
embedding of G into G/A×G/T , and G/A is a torsion group, whereas G/T is abelian. Hence
we may replace G by G/A and assume that G is torsion. Since G is solvable, G is actually
locally finite.
Let G′ = 〈(a1, a2), (a3, a4), . . . , (a2pn−1, a2pn)〉. Thus we may replace G by 〈a1, . . . , a2pn〉
and assume that G is finite. Furthermore the quotient group G/Q, where Q is the prod-
uct of all q-Sylow subgroups of ζ(G) for q 	= p, is also a counterexample. So we may re-
place G by G/Q and suppose that ζ(G) is a finite p-group. Now the first cohomology group
H 1(G/G′,G′) is a finite p-group. Since each element in C acts trivially on both G/G′ and G′,
there exists a homomorphism C → H 1(G/G′,G′) with kernel G′ζ(G). As a consequence,
C/G′ζ(G) is a finite p-group and, as G/C is a finite p-group, we conclude that G is a finite
p-group.
If cl(G) 4, G/γ4(G) is also a counterexample. Hence, possibly by replacing G by G/γ4(G),
in any case we may assume that G has nilpotency class at most 3. Now, if |G′/γ3(G)|  p2,
by replacing G by G/γ3(G), we may assume that G′ is central and, by making a suitable
quotient, we may suppose that |G′| = p2. In the case in which G′/γ3(G) has order p, there
exists a subgroup H of γ3(G) whose order is pn−2. Thus, by considering the group G/H in
substitution of G, we may assume that our counterexample has commutator subgroup of or-
der p2.
We can write G′ = 〈(a, b), (c, d)〉 and G = 〈a, b, c, d〉 and we may also suppose that
among all possible counterexamples it is of minimal order. Then every proper subgroup L
of G satisfies |L′|  p. Obviously, |G/Φ(G)|  p4. Assume first that |G/Φ(G)| = p4. Then
〈a, b, c〉 	= G, so 〈a, b, c〉′ = 〈(a, b)〉. Similarly, 〈a, b, d〉′ = 〈(a, b)〉 and 〈a, c, d〉′ = 〈b, c, d〉′ =
〈(c, d)〉. Hence (a, c) ∈ 〈(a, b)〉 ∩ 〈(c, d)〉 = 〈1〉. Similarly, (a, d) = (b, c) = (b, d) = 1. But now
|〈a, bc, d〉′| = p2, so G = 〈a, bc, d〉, which is a contradiction.
Let |G/Φ(G)| = p3. If w,z are elements of G, then 〈w,z〉 	= G, so there exists a maximal
subgroup M of G containing 〈w,z〉. Thus |M ′|  p and (w, z) ∈ M ′, which is central. In par-
ticular, G is nilpotent of class 2. We write G = 〈a, b, c〉 and G′ = 〈(a, b), (a, c), (b, c)〉. Since
|G′| = p2, we may assume that G′ = 〈(a, b), (a, c)〉. At this stage, by invoking Lemma 3, we
obtain a contradiction.
Finally, if |G/Φ(G)| = p2, we write G = 〈a, b〉. In such a case G has nilpotency class 3, that
is G is a CF(4, s,p) group. In this situation, Lemma 4 yields a contradiction, which concludes
the proof. 
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